ON RUBIN'S VARIANT OF THE p-ADIC BIRCH AND 
SWINNERTON-DYER CONJECTURE II 



A. AGBOOLA 

Abstract. Let E/Q be an elliptic curve with complex multiplication by the ring of integers 
of an imaginary quadratic field K. In 1991, by studying a certain special value of the Katz 
two-variable p-adic L-function lying outside the range of p-adic interpolation, K. Rubin 
formulated a p-adic variant of the Birch and Swinnerton-Dyer conjecture when E[K) is 
infinite, and he proved that his conjecture is true for E{K) of rank one. 

When E{K) is finite, however, the statement of Rubin's original conjecture no longer 
applies, and the relevant special value of the appropriate p-adic L-function is equal to zero. 
In this paper we extend our earlier work and give an unconditional proof of an analogue of 
Rubin's conjecture when E{K) is finite. 



1. Introduction 

The goal of this article is to extend the results of [T] to give an unconditional proof of a 
certain variant of the p-adic Birch and Swinnerton-Dyer conjecture for elliptic curves with 
complex multiplication. 

Let -E/Q be an elliptic curve with complex multiplication by Ok-, the ring of integers of 
an imaginary quadratic field K\ this implies that K is necessarily of class number one. Let 
p > 3 be a prime of good, ordinary reduction for E; then we may write pOx = pp*, with 
p = -kOk and p* = 'k*Ok- 

Set /Coo := K{Et,oo)^ /C^ := K{Et,*oo), and := ^oo^lo- Let O denote the completion 
of the ring of integers of /C^p. For any extension L/K we set A(L) := A(Gal(L/i^')) := 
Zp[[Gal(L/if)]], and k{L)o ■= C[[Gal(L/if )]]. 
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Let 

^ : Gal(K/K) Aut(E,oo) ^ p ^ Z;, 
V'* : Gal(K/K) ^ Aut(E,.oc) ^ O^p. ^ Z^^ 

denote the natural Z^ -valued characters of Gal(i^'/i^) arising via Galois action on Ej^oo and 
i?7r*°° respectively. We may identify ip with the Grossecharacter associated to E (and ip* 
with the complex conjugate ip of this Grossencharacter), as described, for example, in fl2\ 
p. 325]. We write T and T* for the p-adic and p*-adic Tate modules of E respectively. 

We now recall that the Katz two- variable p-adic L-function Cp G A{^oo)o satisfies a p-adic 
interpolation formula that may be described as follows (see [12l Theorem 7.1] for the version 
given here, and also [51 Theorem II. 4. 14]. Note also that, as the notation indeicates, Cp 
depends upon a choice of prime p lying above p — cf. Remark 11.21 below). For all pairs of 
integers j. A; G Z with < — j < k, and for all characters x '■ Gal{K(Ep) / K) — )■ , we have 

Cpi^'r'x) = A ■ L{r'T\'\ 0). (1.1) 

Here L{ip~^ip '^X~^^s) denotes the complex Hecke L-function, and A denotes an explicit, 
non-zero factor whose precise description we shall not need. 

Write (ip) : Gal(ii'/i^) — )■ 1 + pZp for the composition of ip with the natural projection 
Zp — )■ 1 -|-pZp, and define (ip*) in a similar manner. Define 

Lp{s) := Cpm^y-'), l;{s) := Cpirirr'') 

for s G Zp. The character tp lies within the range of interpolation of Cp, and the behaviour 
of Cp at ip is predicted by the p-adic Birch and Swinnerton-Dyer conjecture for E (see [31 
pages 133-134], [TOl Theorem V.8]). Conjecturally, ords=iLp(s) is equal to the rank r of 
E{Q), and the exact value of lim^^i Lp(s)/[s — 1]*" may be described in terms of various 
arithmetic invariants associated to E. 

The character ip*, however, lies outside the range of interpolation of Cp, and the function 
L*{s) has not been studied nearly as much as Lp{s). The first results concerning the be- 
haviour of L*{s) were obtained by Karl Rubin (see [12], [13] )■ When r > 1, Rubin formulated 
a variant of the p-adic Birch and Swinnerton-Dyer conjecture for L*{s) which predicts that 
that ords=iL*(s) is equal to r — 1, and which gives a formula for lims^i[L*(s)/(s — 1)''^^]. 
Under suitable hypotheses, Rubin showed that his conjecture is equivalent to the usual p-adic 
Birch and Swinnerton-Dyer conjecture, and he proved both conjectures when r = 1. In the 
case r = 1, he then used these results to give the first examples of a p-adic construction of a 
global point of infinite order in -E(Q) directly from the special value of a p-adic L-function. 
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On the other hand, when r = 0, matters become quite different, and the results of |12j . 
[13] do not apply. It is not hard to show that the functional equation satisfied by Cp (see 
[SI §6]) implies that ords=iL*(s) > 1. Rubin speculated that perhaps ords=iL*(s) = 1, 
and assuming that this was true, he also raised the question of determining the value of 
lim^^i[L*(s)/(s - 1)] (see [HI Remark on p.74]). 

A natural approach to studying the behaviour of Cp at ip* is to try to find a suitable 
Selmer group that governs the behaviour of Lp{s) at s = 1. This may be done by using 
the two-variable main conjecture to study certain Iwasawa modules associated naturally 
to L*{s), as described in detail in [T] §l-§3]. In [I], we defined a restricted Selmer group 
Ep*(T*) C H^{K,T*). This restricted Selmer group is defined by reversing the Selmer 
conditions above p and p* that are used to define the usual Selmer group Sel(i^, T*). The 
-module I]p*{K,T*) is free of rank |r — 1|, and if r > 1, then in fact Tip*{K,T*) C 
Se^i^, T*) (see [TI, Lemma 3.6, Proposition 6.5, and Proposition 6.7]). We also defined a 
similar group T,p{K,T) C H^(K,T), and we constructed a p-adic height pairing 

[, Ur ■■ Sp(i^,T) X tp,iK,T*) ^ OKr- 

If r > 1, and if the p*-adic Birch and Swinnerton-Dyer conjecture is true, then [, ]k,p* is 
non-degenerate. We conjectured that [, ]k,p* is also non-degenerate when r = 0. 

It was shown in [1] that if [, ]K,f)* is non-degenerate and the p-primary part of lIl{E/K) 
is finite, then 

ords=iLp(s) = ranko^p.(Sp.(-ft',T*)) = |r-l|. 

Under these assumptions, we also determined the value of lims_j.i L*(s)/(s — up to 

multiplication by a p-adic unit (thereby recovering a weak form of [12, Corollary 11.3] in 
the case r > 1). In particular, our results implied that if r = (in which case Ul{E/K) is 
known to be finite; see [11]) and [, ]k,p'' is non-degenerate, then ords=iLp(s) = 1, as was 
guessed by Rubin in [T3] . 

Suppose now that r = 0. In this paper, we strengthen the results of [T] by giving an 
unconditional proof of the fact that ords=i(//p(s)) = 1, and we also determine the exact 
value of the first derivative of L*{s) at s = 1. We do this via an approach involving elliptic 
units and explicit reciprocity laws (cf. [13]), rather than the two- variable main conjecture 
and Galois cohomology, as in [1]. In order to state our main result, we must introduce some 
further notation. 

Suppose that y G T,p{K,T) and y* G T,p*{K,T*) are of infinite order, and let 
expp* : H\Kp, T*) ^ Q^,, expp*. : H\Kp,,T) ^ 
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denote the Bloch-Kato dual exponential maps. Via localisation, these induce maps (which 
we denote by the same symbols): 

exp; : Sp. {K, T*) ^ Q^, exp;, : t,{K, T) ^ Q^. 

Write f C Ok for the conductor of the Grossencharacter associated to and let N(f) denote 
the norm of this ideal. Set 

^ s^l s — 1 

The following result may perhaps be viewed as being an analogue of a similar exceptional 
zero phenomenon observed in the work of Mazur, Tate and Teitelbaum concerning p-adic 
Birch and Swinnerton-Dyer conjectures for elliptic curves without complex multiplication 
(see O especially Conjecture 2], [71 especially page 38]). It relates the value of £p at a point 
within the range of p-adic interpolation to the derivative of £p at a point lying outside the 
range of p-adic interpolation. 

Theorem A. Suppose that Cplip) ^ 0. 

(a) The p-adic height pairing [, ]x,p* is non- degenerate and ords=i L*(s) = 1. 

(b) We have that 



, . N(f) .U-tM\.u_m\ 

V V ) \ V ) l^p* ■exp;(r) •exp;,(y)' 

where Qp and Qp* are certain p-adic periods defined using the formal group associated to 
E (see Section\^ below). 

It is interesting to compare Theorem lAl with fl2[ Theorem 10.1]. Both of these results are 
examples of the following more general phenomenon concerning certain special values of the 
Katz two- variable p-adic L-function Cp. Let > be an integer, and set 

0;- := (f)l := tfj-'^r'^+K 

Then we see from fll.ip that 0^ lies within the range of interpolation of Cp] for k > 1, the 
behaviour of Cp at 0^ is predicted by various conjectures due to Bloch, Beilinson, Kato and 
Perrin-Riou. On the other hand, the character 0^ lies outside the range of interpolation of 
Cp, and as far the present author is aware, the behaviour of Cp at (pl for k > 1 does not 
appear to have previously been studied. Write (0^) (respectively {(pl)) for the composition 
of (pk (respectively (pl) with the natural projection Zp — )■ 1 + pZp, and define 

Lp(0,, s) := Cp{M<Pkr-'), Lp{<Pl, s) := £p(0*(0*)^-i) 
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for S G Zp. 

Using the techniques of [12], [1] and the present paper, it may be shown that the orders 
of vanishing of Lp{(j)k, s) and Lp{(j)%, s) at s = 1 are of opposite parity, and that the values of 
the first non-vanishing derivatives of Lp{(f)k, s) and Lp{(f)l, s) at s = 1 are related in a manner 
similar to [T2[ Theorem 10.1] (if Cp{(f)k) = 0) or to Theorem Rl above (if £p(0fc) 7^ 0). We 
shall discuss this more fully in a future article (see |2]). 

The strategy of the proof of Theorem |A] is similar to that employed in [12]; however, 
because we work with restricted Selmer groups rather than true Selmer groups, the details 
are rather different. These differences mainly arise from the fact that the p-adic height 
pairing [, ]k,p* on restricted Selmer groups (when r = 0) is somewhat more difficult to work 
with than is the p-adic height pairing on true Selmer groups (when r = 1). The basic ideas 
involved in the proof of Theorem |X] may be described as follows. Using elliptic units, we 
construct canonical elements 

It follows from the proof of Theorem 18.4( a) below that Sp* is of infinite order only if C'pltp*) ^ 
0. By analysing certain Kummer and cup product pairings, and using Wiles's explicit 
reciprocity for formal groups, we prove that 

exp;{sp,) = Cp{4j), (1.2) 

where the symbol "=" denotes equality up to multiplication by a non-zero factor. Hence we 
see that if Cp{ip) 0; then Sp* is indeed of infinite order, and so L*{s) has a first-order zero 
at s = 1. 

We then compute [sp, Sp*]x,p* using Kummer theory, Hilbert symbols, and Wiles's explicit 
reciprocity law, and we see that 

[sp, Sp*]k,p* = Cpitfj) ■ £p(V'*) (1-3) 

The proof of Theorem |X] is then completed by showing that if y G Sp {K, T) and y* G 
Sp*(i^, T*) are both of infinite order, then 

expg(y*) -expg.d/) _ exp;(gp*) ■exp;,(gp) 

[y,y*]K,p* [sp,sp*]x,p. 

and so the desired result follows by applying (11.21) and (11. 3p . 

An outline of the contents of this paper is as follows. In Section [2] we recall some basic 
properties of restricted Selmer groups. In Section [3] we describe a local decomposition of 
the p-adic height pairing [ , ]k,p* in terms of local Artin symbols. We recall some basic facts 
concerning the formal group E associated to E in Section HI and we establish a number of 
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conventions for use in subsequent calculations. We discuss properties of various Kummer 
pairings in Section |5l and we use these pairings to compute the value of [, ]k,p* on certain 
cohomology classes in restricted Selmer groups that are constructed using global units. In 
Section [6l we use the results of Section [5] to compute certain special values of the dual 
exponential map in terms of logarithmic derivatives of certain Coleman power series. In 
Section [TJ we describe the construction of the canonical elements Sp and Sp* via elliptic 
units. Finally, in Section [HI we apply our previous results to these canonical elements, and 
we prove Theorem \M 

We conclude this Introduction by remarking that the methods and results of this paper 
remain valid if we assume that E is defined over its field of complex multiplication K rather 
than over Q. 

Notation and conventions. Throughout this paper, K denotes an imaginary quadratic 
field of class number one. If L is any field, we write L'^^ for the maximal abelian extension 
of L, and L for an algebraic closure of L. 
For each integer n > 1, we write 

JCn := K{E^u), /C: := K{E^,r.), ^ := K{E,r.) = /C„ ■ /C^, 

and 

/Coo := K{Et,oc)^ K*^ := K{Et,*oc)^ := K{Epoc). 

We also put A/'„ := /C„ ■ KL*^ , and we write mn,p for the maximal ideal of the completion of 
the ring of integers of A/'n,p. The symbol O denotes the completion of the ring of integers of 
IC* 

oo,P" 

For any extension L/K we set A(L) := k{GdX{L/K)) := Zp[[Gal{L/ K)]], and A(L)o : = 
0[[Ga\{L/K)]]. We write 

T := Ker(V^* : A{JC*J -> Z^), X := Ker(V^ : A{JC^) -> Z^), 

and let i}* and i} be the generators of I* and X fixed in [121 §6]; so i)* = 'jip* {'y^^) — 1, where 
7 is any topological generator of Gal(/C^/i^') satisfying logp (■?/'* (7)) = p, and is defined 
analogously. 

We set Dp := Kp/OK,p and Dp* := Kp*/OK,p*- If M is any Zp-module, we write for 
the Pontryagin dual of M. 
For each integer n > 1, we let 
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denote the Weil pairing, normalised as decribed in [81 §3.1.2] (the reader should note that 
this is not the same normalisation as that used in [12]). This pairing satisfies the identities 

for c^n G -Eyr", '^n ^ En*", and 
for G -E 

We set := ^,^00 and := i?^™. We write T and T* for the vr-adic and 7r*-adic Tate 
modules of E respectively. Let w = [w„] and w* = [w*] denote generators of T and T* 
respectively. 

We use the following notation to denote various unit groups: 

Un,p '■= units in /C„_p congruent to 1 modulo p; 
Un,p* '■= units in /C„^p. congruent to 1 modulo p*; 
Uoo,p ■■= l^t/n,p, Uoo,p' ■■= l^mUn.i,*; 
?7* p := units in /C* p congruent to 1 modulo p; 
[/*p, := units in /C*_p, congruent to 1 modulo p*; 

UL,p ■= I™ K,p, U^r '■= Un,p* , 
where all inverse limits are taken with respect to the obvious norm maps. We also set 
Sn '■= global units of /C„, £n global units of /C*; 
Sn := the closure of the projection of Sn into Un,p] 
8*^ := the closure of the projection of into f/* p*; 

Remark 1.1. Note that since the strong Leopoldt conjecture holds for all abelian extensions 
of K (see |,4j), we have that 

Sn ^ Sn ®z Zp, £:* ~ £:* (g)z Zp, 

and so we may also view £^00 as being a submodule of ?7oo,p* and S*^ as being a submodule 
of ?7(^p. We shall do this without further comment several times in what follows. □ 

Remark 1.2. It is important for the reader to bear in mind that every theorem or con- 
struction in this paper that depends upon a choice of prime p of i^' lying above p also has a 
corresponding version in which the roles of p and p* are interchanged. We shall sometimes 
make use of this fact without stating it explicitly. □ 
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2. Restricted Selmer groups 

In this section we shall recall some basic properties of restricted Selmer groups. We refer 
the reader to [U Sections 3 and 4] for more complete details. 

Suppose that F/ K is any finite extension. For any place v of F, we define Hj{Fy, W) to 
be the image of E{Fy) ® Dp under the Kummer map 

E{Fy)®o^ Dp^H\Fy,W), 

and we define Hj{Fy, W*) in a similar manner. Note that Hj{Fy, W) = if f f p. We also 
set 

Hj{Fy,E^^) := lm[E{Fy)/n''E{Fy) ^ H\Fy,E^n)], 
H}{Fy,E^*n) := lm[E{Fy)/rr*^^E{Fy) ^ H\Fy,E^,n)]. 

Suppose that M e {W,W* , E^n, E^*n} and that q G {p,p*} . If c G H^{F,M), then we 
write loCi,(c) for the image of c in H^{Fy, M). We define 

• the true Selmer group Sel(F, M) by 

Sel(F, M) = {c G H\F, M) \ loc^(c) G H){Fy, M) for all t;} ; 

• the relaxed Selmer group Seli.ei(-F, M) by 

SeU(F, M) = {c G H^{F, M) \ loc^(c) G H]{Fy, M) for all v not dividing p] ; 

• the q-restricted Selmer group (or simply restricted Selmer group for short when q is 
understood) M) by 

Sq(F, M) = {c G Selrei(i^, M) I loc„(c) = Ofor all v dividing q} . 

(The terminology 'restricted Selmer group' is meant to reflect a choice of a combination of 
relaxed and strict Selmer conditions at places above p.) 
We also define 

(F, T) : = hm (F, E^. ) , (F, T* ) : = 1^ (F, F^.n ) . 

n n 

If L/ii' is an infinite extension, we define 

Sq(L,M) = lin^S,(L',M), 

where the direct limits are taken with respect to restriction over all subfields L' G L finite 
over K. 

We record the following standard cohomological result that will be used later. 
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Lemma 2.1. Let n > be an integer, and suppose that L and M are fields with K ^ L (1 
M C A/'„. Then, for every integer m > 1, the restriction maps 

are injective and they induce isomorphisms 

A similar result holds if L and M are replaced by Lp and Mp with Kp C Lp C Mp C Afn,p- 

Proof. This is quite standard, and may be proved via the argument given in frO{ P-40], for 
example. □ 

We now explain how elements in restricted Selmer groups may be constructed by combin- 
ing Kummer theory on E with Kummer theory on the multiplicative group (see Proposition 
12.61 below). In order to do this, we require several preparatory lemmas. Our starting point 
is the following result of Perrin-Riou. 

Lemma 2.2. There is an Ox-linear isomorphism of Gal{IC^/K) -modules 

H\lC:,E^n) ^ Hom(E.,.,/Cr//Cr^"); / ^ f. (2.1) 
For each place v o//C*, there is also a corresponding local Ox-linear isomorphism 

H\ici^,E^,.) ^ Hom(E.,.,/c:y/c:;</). 

Proof. See [HI Lemme 3.8]. The isomorphism (12.11) is defined as follows. Let / G if ^(/C*, -Ejr'O) 
and recall that 

6j2 ' E^n X Eq^^n — y ^pn 

denotes the Weil pairing. We identify /C*^//C*^^" with {K,^, fj,pn) via Kummer theory. If 
<;* G -E,r*"5 then /(<;*) G //^(/C* , yUpn) is defined to be the element represented by the cocycle 

^ e„(/((T),?*) 

for all a G Gal(Z//C;). □ 
Corollary 2.3. There are isomorphisms 

Tn : H\K,E^r.) ^ Hom(i?^,n,/C:7/CrP")G'^'(^"/^) 
< : H\K,E^.n) ^ Hom(E,n,/C^//C^^'")^^'('^"/^). 

Proof. This follows from Lemmas 12.11 and 12.21 (cf. also [121 Lemma 2.1] or [H Lemme 
3.8]). □ 
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Lemma 2.4. For each place v of K,*^ with v \ p* , there is an Ox-linear isomorphism 

Proof. See ^ Lemme 3.11]. □ 

Corollary 2.5. Suppose that h G H^{]C^, Et^ti) . Then h E Sp(/C* , -Ett") if o^nd only if, for 
each q,* G i?^.n, the following local conditions are satisfied: 

(a) h{^*)eK*:^f for allv\p; 

(b) p^ \ V!c*fh{^*)) for allv\p*. 

(Note that we impose no local conditions at places lying above p* .) 

Proof. This follows from Lemmas 12.21 and 12.41 using the definition of the isomorphism 12.11 
(see also [U Lemme 3.8]). □ 

Proposition 2.6. There are natural injections 

p : Hom(T*, (f/^,p ® Q) /Slf^'^^-/^^ ^ %{K,T), 
p* : Hom(T, {Uoo,r ® Q) /S^f^"^'^-/''^ tp,{K,T*) 

Proof. The proof of this result is essentially the same, mutatis mutandis, as that of fr2\ 
Proposition 2.4]. The map p is defined as follows. 

For any / G Hom(T*, (f/^^p ® Q)/£^j!^)^'^^(^°°/-'^) and any integer n > 1, we define /„ G 
Hom^ET^tn , £*/ £*P")'^^^^'^'^/^^ to be the image of / under the following composition of maps: 

Hom(T% (t/i,p ® Q)/rj''^'^'^-/^^ ^ Hom(T*, (U^^ ® Q) /Kf^'^''-/^^ 

Hom(E,*n,£:;/£7")G^i('C-/^), 

where the first arrow is the map induced by the natural projection [/^ p — )■ ?7*p, and the 
second arrow is induced by raising to the p"-th power in ?7* p. 
We define 

p{f) ■■= [(p- l)(vr*)V-i(/n)] e \^H\K,E^.). (2.2) 

n 

It follows from [8], Lemma 3.16] that p{f) does indeed lie in Um H^{K, E-^n). It is not hard 
to check from the definition that p is injective. It follows from [U Theorem 3.1, Proposition 
3.2 and Corollary 3.3] that r~^{fn) G T,f,{K, E^^n) if and only if the restriction of r~^{fn) to 
H^{^oo, E-^n) is unramified outside p*. It may be shown via an argument very similar to 
that given in [T^l Lemmas 2.1 and 2.3] that this in fact the case. □ 

We shall use Proposition 12. 61 to produce canonical elements in restricted Selmer groups by 
applying p and p* to certain Galois-equivariant homomorphisms that are constructed using 
norm-coherent sequences of elliptic units (see Section [7] below). 
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3. The p-ADic height pairing on restricted Selmer groups 
Our goal in this section is to describe a local decomposition of the ]9-adic height pairing 

[, ]K,r ■ %{K,T) X t,,{K,T*) ^ Ok,,,. (3.1) 

in terms of Artin symbols; this is analogous to the local decomposition of the standard p-adic 
height pairing on true Selmer groups described in [H Lemme 3.19]. This local decomposition 
will be used in Section O to determine certain values of [, ]x,p* explicitly; these will in turn 
play a key role in showing that the pairing (13.11) is non-degenerate when r = in Section [HI 

We begin by recalling the outlines of the main steps in the construction of [, ]k,p*- For 
more complete details, we refer the reader to [H §4]. 

Let 3^(/C^) denote the Galois group over /Cj^ of the maximal abelian pro-p extension of 
/C^ that is unramified away from p and totally split at all places of /Cj^ lying above p*. The 
first step in the construction of the pairing [, ]k,p* is the construction of an isomorphism 

: %{K, T) ^ Hom(r*, 3^(/C:,))^^'('^-/^). (3.2) 

This isomorphism is constructed as follows. Write J„ for the group of finite ideles of /C*, 
and let Vn denote the subgroup of J„ whose components are equal to 1 at all places dividing 
p and are units at all places not dividing p*. Set 

Cn ■= Jn/iVn " /C*''), fi„ := J]^ /^p" (/C* ,^) , 

t;|p 

and write Cn{p) for the p-primary subgroup of C„. Note that the order of fi„ remains 
bounded as n varies. We view Qn as being a subgroup of C„(p) via the obvious embedding 
of Qn into Jn- 

Using Kummer theory (cf. Corollary 12.51 above), one constructs an exact sequence 

^ Hom(E^*n,fi„)^^i('^"/^) ^ Hom(E^.n,C„)^'^^('^"/^) ^ Sp(i^,E^n) ^ 

(see [U Proposition 4.6]). Let t]'^ denote the map obtained from rjn via passage to the quotient 
by KeT{T]n). It may be shown that passing to inverse limits over the maps ri'~^ yields an 
isomorphism 

Ek : l^Ep(ir,E^n) = t,{K,T) ^ Hom(T*,l^C„(p))G'^'(^-/^), 

where the inverse limit hm.Cn{p) is taken with respect to the norm maps /C*^ — t- /C^^i. 
One then shows via class field theory (along with the fact that the weak p-adic Leopoldt 
conjecture holds for K) that there is an isomorphism 

Hom(T*,JimC„(p))^^'('^-/^) ~ Hom(T*, 3^(/C;,))^^^('^-/^\ (3.3) 
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and composing this last isomorphism with with yields the desired isomorphism "^x- 

Next, by suitably interpreting restricted Selmer groups in terms of certain Galois groups 
(see [U Theorem 3.1]), one shows that there is a natural homomorphism 

Pk : Hom(T*,3;(/C:,))«^^('^^/^) ^ Homo,,,. (Sp. (i^, T*), 0^,p.)- 

We thus obtain a map 

/3ko^k: t,{K, T) ^ Homo,,,, it,, {K, T*), O^.p.), 

and this yields the p-adic height pairing pairing 

[, ]k,p* : t,{K,T) X t,,{K,T*) -> Ok,p* 

on restricted Selmer groups. 

In order to describe the local decomposition of [, ]k,p*, we must introduce some further 
notation. 

Suppose that 

y = [vn] e t,{K,T), y* = [y:] E t,,{K,T*). 
For each positive integer n, we define g„ to be the map 

: Sp(i^,T) ^ Hom(T*,3^(/C:,))«^^(^^/^) ^ Hom(E.,n, 

where the second arrow is the natural quotient map afforded by the isomorphism (13.31) . 

For each G i?^*n, let n(<j*) denote the exact power of vr* that kills C- Let Sn^q'iyn) 
denote any representative of ri~^{yn){C) in J„. For each finite place v of define {y, y*}n,v 
to be the unique element of Ok/t^*^^'^*''Ok such that 

where [Sn,<;*{yn)vT K'fl° / lCn,v] £ GaX^Kf" / Kn,v) is the obvious local Artin symbol. 

Proposition 3.1. (cf. [SI Lemma 3.19]^ 

(a) For any q* G E.,^*n, we have 

b,z/V,p. ■ = yl{[qn{y){C),K-''/K]). (3.4) 
where [g„(?/)(^*), /^''^'//C*] G Gal(_ft'''^//C*) «s the obvious global Artin symbol. 

(b) We have 

[y^y*]Kr^Y.^y.y*YS (mod vr-(^*)0^,pO, (3.5) 
where the sum is over all finite places v of )C^. 
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Proof, (a) This follows immediately from the following commutative diagram: 

t,iK,T) ^ Hom(T*,3;(/C:,))G-H/ci./i^) Homo,,,. (Sp. (iT, T*), 0;,,pO 



Hom(K-,a)^"^(^-/^) 



S ^ V' r\ ^ Hom(Ep.(ir,E^*n),OK/7r™0;,) 

Ker(77„) 

In this diagram, the second arrow on the bottom row is induced by the map 

f^{c^{<^*^ c([/(c^*),K^V/C:])}), / G Hom(E^..,C„)«^'(^-/^) 

and is well-defined because [z, K^^ /IC^] = for all z G Note also that here we have 
canonically identified Ok/t^*^Ok with Hom(i?,r*" , -S'tt*") via the map 

13^ ^ I3-^*]. 



(b) This follows from the local decomposition of the global Artin symbol afforded via class 
field theory, viz. if a G J,i, then 

V 

where the product is over all finite places v of /C*. □ 

4. Formal Groups 

The purpose of this section is to recall a number of facts concerning formal groups, and 
to establish certain conventions that we shall use in Section 13 

We fix a minimal Weierstrass model of E over Ok,^-, and we write E for its associated 
formal group. Let Gm denote the formal group over Ok,p associated to the multiplicative 
group Gm- If x is a point on Gm or on ii^, then we write x for the corresponding value of 
the parameter on Gm or on E. We denote the formal group logarithm associated to E by 
A^(Z) = Z + (higher order terms) G Ox,p[[2']], and we write log£; p for the corresponding 
p-adic logarithm associated to E. We denote the p-adic logarithm associated to by logp. 

Recall that O denotes the completion of the ring of integers of /C^ p . Since is a height 
one Lubin-Tate formal group, we may fix an isomorphism 

As explained in [12, §6], this choice of isomorphism then yields: 

(a) A generator w* = [w*] of T* such that for every n > 1 and q G E-j^n, we have 

r]{en{n*^,w*J) = t (4.1) 
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(b) A p-adic period Qp := ri'{0) G which is such that 

for every a G Gal{K / K) . 

We fix a generator w = [wn] of T, and for each n > 0, we set 

Cn ■= e„(7r*""w„,w;); 

so from f l4.ip above, we have that 

ViCn) = Wn- 

We note that for each integer n > 1, our choice of r] induces an isomorphism 

which is Gal(-ft'//C*)-equivariant; this in turn induces an isomorphism (which we denote by 
the same symbol) 

Xn ■■ H\^^n,p, fXpn) ^ H\Mn,p,E^,.). (4.2) 

Proposition 4.1. Recall that for each integer n > 1, m„^p denotes the maximal ideal in the 
completion of the ring of integers ofMn,p- 

(a) With notation as above, the following diagram commutes: 

(Here the vertical arrows denote the natural maps afforded by Kummer theory on o-nd 
E.) 

(b) IfxE Gmimn,p), then 

logs,p(^(^)) = ■ logp(^) (mod m^"p) 

on Gm(m„,p)/Gm(m„,p)^'". 

Proof, (a) This follows directly from the definitions of t] and Xn- 

(b) See the proof of [T2l Corollary 9.2]. □ 
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5. KUMMER PAIRINGS AND p-ADIC HEIGHTS 

In this section we shall compute the value of the p-adic height pairing [ , ]K,f, on elements of 
restricted Selmer groups that are constructed via Proposition 12.61 (see Theorem 15. Ill below) . 
This is accomplished by using Proposition 13.11 to express these values in terms of certain 
Kummer pairings, and then applying Wiles's explicit reciprocity law. 

Definition 5.1. For each integer n > 1, we define a pairing 

( , )p,i^..n : U:^^ X H\K„ E^,.) ^ E^,. (5.1) 

by 

(Mn,Op,i?^.„ = <([«„, fsTp^^/ZCy) =: ap,E^,„{Un,C*J ■ 

with ap,E^.„(M„,<) e Ok/P*''Ok ^ Zp/p^Zp. 
The pairings (15. ip give a pairing 

( , )p,T* : U*^^^ X H\K,, T*) ^ T*; {u, c*) ^ a,,T* {u, c*) ■ w* (5.2) 

that is defined as follows. Suppose that u = G U^^^ and 

c* = [4] G \^H\K,,E^,.) ^ H\K„T*). 

Then we set 

(m,c*)p,t* = [(Mn,C;)p,ij^.„] = [ap^E,„,{Un,C*J] ■ w* =: ap,T*(M,C*) -w*. 

□ 

The pairing (15. 2 p is related to the p-adic height pairing [ , p. in the following way. Recall 
from Proposition 12.61 above that there is a natural injection 

p : Hom(T*, {U*^^^ ® Q)/Slf^'^^-/''^ ^ %{K,T). 
Proposition 5.2. Suppose that 



Let i{w*) G t/^ p denote any lift of ^{w*), and suppose that y* G Sp* (K, T*). Then we have 

[p{0,y*]K,p* ■ w* = (eM,iocp(y*))p,T*, 

and so it follows that 



[p{0^y*]Kr = [ap,E^.„((C(w*))„,loCp(?/;))] = ap,T-(^(u^*),loCp(?/*)). 
Proof. This follows directly from Proposition 13.11 and Definition 15.11 □ 
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Our goal in this section is to evaluate [p{^),y*]K,p* (see Theorem 15.11 1 below) . The difficulty 
in doing this arises from the fact that that the pairing fl5.2p cannot be directly evaluated 
using explicit reciprocity laws. In order to overcome this obstacle, we shall ffist express the 
Kummer pairings (15. ip and (15. 2p in terms of certain Hilbert symbols. This will then enable 
us to relate these pairings to two other pairings (namely (15. 5 p and (15. 6p below) that can be 
evaluated using Wiles's explicit reciprocity law for formal groups. 

Definition 5.3. We define the Hilbert pairing 

( ' )p,f^p^ '■ Trx^ ^ A rxp" ~^ A*p" (5-3) 

by 

where tXa denotes the local Artin symbol [a, K^^/J\fn^p] and is any p"-th root of b in 

I\p . 

We remark that it is a standard property of the Hilbert pairing (see e.g. [TTI, Chapter 
XIV, §2]) that 

(a,&)p,/.pn = (&,a)p;i^„. (5.4) 

□ 

Lemma 5.4. Suppose that u G f/^^p and c* G H^{Kp,T*). Then 

(u„,<«)(7r*~"u;„))p,^^„ = ap,B,.n(Mn,0 ■ (n- 

Proof. It follows from the definition of r* (see Corollary 12. 3p that 

(«„,<«)(7r*-"./;„))p,M.^ = e„(7r*-"^„,c:(K,ifp^VAr„,p])) 

= e„(7r*-"ti;„, 4([u„, K^^/K:*^ ^])) (since u„ G /C^ ^) 

= e„(7r Wn, ttp.i?,™ [Un, cj ■ wj 
= ap,E^*u {Un, C*) ■ en{Wn, T^~''u)*J 
— Oip,E^*n {Uni C^) ■ Cni 

as claimed. □ 
Definition 5.5. For each integer n > 1, we define a pairing 

( , )p,E^n AC^p X H\Afn,p, E^n) E^n (5.5) 

by 

iu,y),,E^„=yi[u,Kf/K,p]). 
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It is not hard to check (using Lemma I2.ip that the pairings ( , )p^E^„ combine to yield a 
pairing 

{,)p,t:U^,pX H\Kp,T)^T; {(3, c) ^ ap^T{(3, c) ■ w (5.6) 
that is defined as follows. Suppose that (3 = G t/oo,p, and that 

c= [c„] G \im H\K„E^.) H\Kp,T). 

Then we set 

(/3, c)p,T = [(/3n, Cn)p,E^u] = [ap,E^n (/^n, c„)] ■ w =: ap,r(/3, c) ■ w. □ 



The advantage of the pairings (15. 5p and (15. 6p is that they can be evaluated using explicit 



reciprocity laws. The following result gives the relationship between the pairings (15. ip . (15. 3p 
and dSSD- 

Lemma 5.6. (a) Suppose that c G H^{Kp,T) , and that u G Uoo,p- Then 

(M„,r„(cn)(vr~"w*))p,^^„ = ap,s^„(M„,c„) ■ (n- 
(h) Suppose that u G f/^p and c* G H^{Kp,T*). Then 

(«n,Xn««(7r*~"w^n))))p,i?,„ = " « «) (7r*""w„) , (u„) )p,ij^„ = ap,s^,„ (u„, C„) -Wn- 

(Recall that the isomorphism Xn is defined in fHl2l) . ) 



Proof. Part (a) may be proved in exactly the same way as Lemma 15. 4[ while Part (b) is an 
immediate consequence of the same lemma. □ 

In order to evaluate the pairings in Lemma 15.6( b) above using explicit reciprocity laws 
(and thereby also compute the value of the [p(0) l/*]x,p* in Proposition 15.21 above) . we shall 
require the following result (cf. Corollary 12. 3p . 

Lemma 5.7. There are injective homomorphisms 

K : H\K,T) ^ \^H\IC:, Zp(l)) (5.7) 
K* : H\K,T*) l^if^(/C„,Zp(l)), (5.8) 

where the inverse limits are taken with respect to the obvious corestriction maps. A similar 
result holds if K is replaced by Kp or Kp* . 

Proof. We shall just explain the construction of /t*, since that of k is very similar. 
Recall that w = denotes a generator of T. Suppose that 

c* = [<] G \^H\K„E^„.) ^ H\K„T*), 



18 A. AGBOOLA 

and consider the composition of maps 

where the first arrow is given by corestriction and the second arrow is induced by the natural 
map fipn+i — fipn. Recall from Corollary 12.31 that there is an isomorphism 

< : H\K, ^ Hom(E,n, /C^//C^f")G'^i('^"/^). (5.10) 

It is not hard to check that flOl) maps {C+i(Cn+i)}(^*"^"'^^^^n+i) to {rl{'^n)}i'^*~"'^n)- We 
may therefore define 

6*{w) := [K«)}(7r*-"ti;„)] G \^ H\)C^,„ fi^.) , 

where the second inverse limit is taken with respect to the maps (15. 9p . It is a standard fact 
(see e.g. [151 Appendix B, Section B.3]) that 

Jimif^(/C„,p,/ipn) ~ \^H^{}Cn,p, Zp(l)), 

where the right-hand inverse limit is taken with respect to the obvious corestriction maps. 
We may therefore view c*{w) as being an element of ^m/f^(/C„_p, Zp(l)), and we write 
K*{c*) = [K*{c*)n\ G ^i7^(/C„,p, Zp(l)) for this element. We remark that it follows from 
the construction of k* that, for each integer n > 1, we have: 

K*{c*)n ^ {r:{c:)}{n*--wn) (mod /C;:f ) (5.11) 

in H^{]Cn,p, fJ'p") — /C^p//C^,p . This implies that k* is injective. □ 

Suppose now thatM G t/^ p and that c* G H\K^,T*) with k*{c*) G f/oo,p C ^i/i(/C„,p, Zp(l)). 
Lemma ISlGl b) implies that, for each integer n > 1, ap,_E^*„ (««, c*) may be determined by 
calculating the value of {K*{c*)n,Xn{un))p,Ef,n] this in turn may be done by using Wiles's 
explicit reciprocity law applied to the formal group E associated to E, as we shall now 
describe. 

For any (3 = [/3„] G f/oo,p, let gi3^w{Z) G Ox,p[[2']] denote the Coleman power series of /3; 
so, for every integer n > 0, we have 

gpA^n) = Pn- (5.12) 

Set 

5gpAZ) ■■= ^ w .^y (5.13) 

and write 

W) = 5^/3,^ := = — , 5.14 

g^A^) ■ ^g(o) gisA^) 

(where for the last equality we have used the fact that \g{Z) = Z + (higher order terms)). 
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Remark 5.8. Suppose that c* G H\K^,T*) with k*{c*) G f/oo,p C \^H\}Cn,p,Zp{l)). In 
Proposition 16. 2[ we shall express 5^(k*(c*)) in terms of exp*(c*), and in Proposition 18.2( a). 
we shall show that, for suitably chosen /3, we have that 6.^{(3) is equal to a non-zero multiple 
of Cplip). This will enable us to deduce that the canonical class Sp* G Sp* {K, T*) is of infinite 
order when >Cp (■?/') 7^ (see Theorem 18. 3p . □ 

Proposition 5.9. Suppose that u G f/^ p and that c* G H^{K^,T*) with k*{c*) G f/oo,p C 
^mif^(/C„_p, Zp(l)). Then, with notation as above, we have 



ttp,£;^.„(M„,c„) = I — 11 (c )) -iZp 



X Yl ^*(^-')logp«) (modp"), (5.15) 

aeGal(/C*,p/i^p) 

where Qp G (9^ zs t/ie p-adic period described in Section^ 
Hence we have (m,c*)p^t* = «p,T*('W,c*) ■ w*, where 



ap,T.(M,c*)= (^^^-Ij ■5-('^*(c*))-l^p 

X hm i V ^*(a-i)logp«) I. (5.16) 

n— >-oo I ' I 

(^aeGal(/C*,p/ii-p) j 

Proof. Applying Wiles's explicit reciprocity law (see |5l Chapter I, Theorem 4.2]) to evaluate 
(fi:*(c*)„, Xn{un))p,E^u, we see (using Lemma [5l6l) that the value of ap^E^*n{un, c*) is given by: 

ap,i?,*„(Mn,0 = -1iKi,/K, {7r""Tr^„p//c* ^ (logB,p(Xn (««))) • 5^K-(c*),«;(wn))} (mod p"). 

(5.17) 

Since m„, G f/*p and Xn is Gal(i^'//C*)-equivariant, it follows that log^j p (xn(^n)) G /Cj^p. 
Also, we have that 7^~''TrJ^„^//c;p(55fK*(c*),^„(^&„)) G /Cp because w„ G /C„,p. Hence (15.171) 
implies that 

a;p,B^.„(Mn,<) = - {7r~"Tr^„_^/^*^^(5^^*(,*)(w„))} ■ Tr^*^p/i^^(log^p(x„ («„))) (mod p"). 

(5.18) 

From Proposition 14.1( b). we see that 

^OgE,p{Xn{Un)) = ^p " logp(Mn) (mod p"), 

and this implies that 

Tr^;_^/;,^(log^,p(xrK)) = ^P E ricr-'log^K)) (mod p"+^). (5.19) 

aeGal(/C*,p/Xp) 
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We also observe that O Chapter II, Proposition 4.5 (iii)] imphes that 

7r-"Tr^„,,/^.^(5^?..(,,),U^„)) = (^1 - • 6U'^*{c*)), (5.20) 

which is independent of n. The congruence f l5.15p now follows from f l5.18p . f l5.19p and f l5.20p . 
The equality (I5.16P is a direct consequence of fl5.15p . □ 

Suppose now that 

e G Hom(T*, U*^jS^f^'^^'^/''\ r e Hom(r, U^,p, /£Zf^'^'^-/''\ 

and set 

c := p(0 e t,{K,T), c* := p*{C) e t,,{K,T*). 
Then the definition of p* implies that c* = [<] = [(p - l)vr"r,;^i(^*)] G lim^ i/H^> ^^")- 
For any q G -Ett", a routine computation shows that 

<«)W = C((p-iK^), 

and so setting q = n*~'^Wn, we see that 

Hence it follows from f l5.1ip that 

K*{c*)n^Ciwnr-' (mod /C„^f ) (5.21) 

in i7H^n,p,/ip")^/C„-,p/Cf. 

Recall from Section[T]that -i? is a certain generator of the ideal X of A(/Coo)- We now observe 
that as ^* is Gal(/Coo/-^)-equivariant, it follows that ^*{wy G Soo/XSoo- The following result 
describes the relationship between k*(c*) and ^*{w)^. 

Proposition 5.10. With the above notation, we have 

where 6w{C,*{w)'^) denotes 5^ applied to any lift in E^o of ^*(wY G Eoo/XEoo- 

Proof. Suppose that i*{w) = a = [a„], with q;„ G Un,p*/£n, and set Ci^^Y = P = [Pr], with 
Pn G £n/1£n- It foUows from the definition of ^* (see Proposition 12. 6p that 

a^n) = G £jr; = £j£f. 

For each n > 1, let dn denote the projection of d to Zp[Gal(/C„/-ft')]. It follows from 
Lemma 6.3] that 

J2 ^-'(^)^ = -(p-l)p" (modp"XZp[Gal(X:„/ir)]), (5.22) 

<TGGal{/C„/A') 
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where a denotes any lift of cr G Gal(/C„/-ft') to Gal(/Coo/-^)- 
Hence we have (using additive notation for Galois action): 

= -(p - 1)-^^ [ ) (mod p^Mn). 

\(TeGal(C„/i^) j 

Since has no ?9-torsion (see O Chapter III, Proposition 1.3]), we can divide this relation 
by 'd and apply (I5.2ip to obtain 

\aeGal{IC„/K) J 

= K*{cX (modp"£„)- 
It now follows from [5, Chapter II, Lemma 4.8] that 

and this implies the desired result. □ 



Let ^{w*) e t/^ p be any lift of ^{w*). 
Theorem 5.11. (a) For any y* E T.p*{K,T*) , we have 



n^oo I ' ^ 

<7eGal(/C*,p/ifp) 



(b) We have 



m.p*inw = (p - 1) ■ - 1) ■ s^iciwf) ■ fip 

X hm J ^*(a-^)logp((eM): 

^aeGaH/C'^p/A-p) 



Proof. This result follows directly from Propositions 15.21 15.91 and 15.101 □ 
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6. The Dual Exponential Map 
Suppose that c* G H^{Kp,T*) with k*{c*) G f/oo,p C hm/7^(/C„,p, Zp(l)), and let 

denote the Bloch-Kato dual exponential map (see e.g. [161 Section 5] for an account of 
the dual exponential map associated to an elliptic curve). In this section we shall evaluate 
exp*(c*) in terms of the 6w{k,*{c*)) (cf. Remark 15.81 above and Proposition 16.21 below) . 
We begin by describing the relationship between the cup product pairing 

U : H\Kp,T) X H\Kp,T*) Zp (6.1) 

and the Kummer pairing ( , )p ^ of the previous section. This result is probably well known, 
but we are not aware of a written reference, and so we include a proof here. 

Proposition 6.1. Suppose that c = [c„] G H\Kp,T) and c* = [<] G H\Kp,T*). Then 

(/€*(c*),c)p,T = -{cUc*)-w, 

i.e. 

ap,T(/t*(c*),c) = [ap^E^„{K*{c*)n,Cn)] = -(cUC*). 

Proof. Let 

U : H\Kp,E^n) X H\Kp,E^,n) Z/p"Z 

denote the cup product pairing 'at level ra' afforded by fl6.ip . To prove the desired result, it 
suffices to show that, for each integer n > 1, we have 

In order to do this, we first recall (see e.g. [T71 Chapter XIV]) that the Hilbert pairing 
( , )p,/^p„ may be identified with a cup product pairing 

U : i7^(A/;,p,/ip.) X H\K.,p,l^p-) Z/p"Z 

so that 

(a, 6)p,^^„ = (a U 6) ■ Cn- 
We also note that the Gal(ii'/A/'n)-equivariant isomorphisms 

E^.n— ^/ipn; w„ h^. e„(7r Wn,Wj 
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induce isomorphisms of cohomology groups 

< : H\Mn,p,E^,.) ^ H\Arn,p,fip«); y: ^ <(|/:)(7r*-"^i;0, 
and via functoriality of cup product pairings, we have 

C„ U < = Kn{Cn) U <«) = -««) U Kn(c„)). 

Hence, from Lemma [5.6( b). we see that 

ap,E^„{r*^{c*J{7T-*''Wn),Cn) = ap,/,^„ « «) (vT-^w^) , r„ (c„) (7r-"0 ) 

= -(/tn(c„) U<(4)) 
= -(CnUc:), 

as required. □ 

We can now state the main result of this section. 
Proposition 6.2. Suppose that c* E H\Kp,T*) with k*{c*) G f/oop C \^H\}Cnp,Zp{l)). 

Proof. It follows from the definition of the dual exponential map (see fl6[ Section 5]) that 

xUc* = log£; p(x) •exp*(c*) 

for all X G H^{Kp,T). (Here we have extended the logarithm map log^p from E{Kp) ® Zp 
to H^{Kp,T) via linearity.) 

From Wiles's explicit reciprocity law (see Chapter IV, §2.5] for the version we require), 
we have 

The result now follows from Proposition 16.11 □ 

7. Elliptic units and canonical elements 

We shall now explain how elliptic units may be used, following the methods described in 
[12], to construct canonical elements 

SpEtp{K,T), sp, Etp4K,T*) 



24 A. AGBOOLA 

when r = 0. These are the analogues in the present situation of the elements x^p^ G Se^A', T) 
and XpP G Se\{K,T*) constructed in [12] §4] when r = 1. 

Let Coo ^ ^oo and C £^ denote the norm-coherent systems of elliptic units constructed 
in [m §3], and write Coo and C^ for the closures of Coo in ^^oo and C^ in respectively. 
Recall that f C Ok denotes the conductor of the Grossencharacter associated to E, and fix 
B G Ef/ Gal{K / K) of exact order f as described in [12, §6]. For each generator w = [wn] of 
T and w* = [<] of T*, let 

Osiw) = [enilVn)] G Coo C t/oo,p ® Q 

denote the norm-coherent sequences of elliptic units constructed in [T^ §3]. In particular, 
we have that 

Oeiwr = Osiwn, Ob{wT = Osiw^ (7.1) 
for all cr G Gal(i^'/i^), and for each n > 0, we have that 

Cn = Zp[G^l{ICjK)] ■ dBiw^), K = Zp[Gei\{)C:/K)] ■ (7.2) 

(see [131 Propositions 3.1 and 3.2]). 

The following result is due to Rubin (see [T3l Theorem 7.2]) and it provides a crucial 
link between elliptic units and p-adic L-functions. It is proved via a careful analysis of the 
construction of the Katz two-variable p-adic L-function Cp using p-adic measures arising 
from elliptic units as described in [5l, Chapter II, §4]. We refer the reader to [I3l §7] for the 
details of the proof. 

Theorem 7.1. Suppose that w is any generator of T. Then there are natural Galois- 
equivariant injections 

■ Uoo,p A(/Coo)c', ^* : U^,p M^*oo)o, 

(where Lw depends upon the choice ofw, but l* does not), satisfying the following properties. 
Suppose that w* is a generator ofT* fixed as in Section^ Then 
(a) We have that 

(1 - Frp^yUOBiw)) = i*ieBi-mr'w*)) = ^pk;., (7.3) 

where Frp. denotes the Frobenius of p* in Gal(/Coo/-^); (^nd Cp\ic^ and Cplic^^ denote the 
images of Cp under the natural quotient maps A(.^oo)c' ~^ A(/Coo)ci (I'lT'd A(^oo)ci ~^ ^(^^0)0 
respectively. 
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(b) For every (3 G f/oo,p; we have 



.^(/3)=(l-^)•^]p■5^(/3). (7.4) 



P 



(c) For every u = G U^ ^, we have 

i\u){r) = fl - ^ ) ■ lim ^ > : r'\r) logJO ) . (7.5) 



P 



-)-Jim| 5^ V^*''(r)logp«)i 



□ 



Now suppose that r = 0. Then -Lp(l) ^ 0, and so we see from (17. 3p that 
Coo C C f/oo,p ® Q and Coo 2X(f/oo,p ® Q)- 

In particular, we have that Coo 2 ^'f^oo ^ f^oo.p ® Q. Similar remarks imply that also 
C^ 2 C f/^ p, (g) Q. Applying Remark [LT| we deduce that 

C 2 X*?:, C f/^^p ® Q. (7.6) 

Also, if Lp{l) 7^ 0, then this implies that L*{1) = 0, and so again from (17.3p . it follows 
that we have 

CcX*(t/;,,p®Q). (7.7) 
Recall from Section [1] that {}* is a certain generator of the ideal X* of A(/C^). 

Proposition 7.2. There exists a unique homomorphism dp G Hom(T*, (f/^^ p®Q)/£^|^)'~''^^*^'^°°/^'' 
such that 

in TjX*T^. 

Proof. The proof of this result is very similar to that of [12l Theorem 4.2]. We first observe 
that it follows from (HH) and ([72D that Gal{IC*^/K) acts on T* and C*^/I*C*^ via the same 
character ip*. Since Gal(/C^/i^') also acts transitively on T* —pT*, it follows that the map 
ly* t-)- 6b{w*) induces a well-defined homomorphism crp°^ G Hom(T*, C^/X*C^)*~''^^'^'^°°/-'^^ 

Next, we note that it follows from O Chapter III, Proposition 1.3] that contains no 
'i9*-torsion elements, and so, if a G C^, then i)~^a is a well-defined element of [/^ p Q. It 
is not hard to show that the image of i!}~^a in (t/^ p ® Q)/£^|^ depends only upon the image 
of a in C*^/I*C*^. The map o"p is defined by o"p := 7?"^crp°-*. □ 
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Definition 7.3. We set 

where of course the definition dp. G Hom(T, {Uoo,p* ® Q) / £00)^''^^^^/^^ is the same, mutatis 
mutandis, as that of o"p. □ 

Remark 7.4. We shall see from the proof of Theorem 18.4( a) below that Sp* is of infinite 
order only if C'^i^ip*) 7^ 0. □ 

8. Proof of Theorem {K\ 

In this section we shall establish a number of properties of the cohomology classes Sp and 
Sp* constructed in Section [71 and thereby prove Theorem \M of the Introduction. 

We begin by recalling some basic facts concerning derivatives of elements in Iwasawa 
algebras (see [131 Section 7] or [H Section 2], for example). Suppose that F G A(.ftoo)c and 
consider the function 

this is a p-adic analytic function on Zp. For any integer m > 0, define 

ml as 

s=0 

then, by definition, we have 

£;(V^*) = D*(^)£p(V^*). 

It is easy to check that 

D*(™)r'"(^*) = 

for every integer m > 1. 

The following result is |13| Lemma 7.3]. It is proved via a routine computation which we 
shall omit. 

Lemma 8.1. With notation as above, we have 

for every integer m > 1. □ 

We now turn to the precise relationship between the canonical elements Sp and Sp*, and 
certain special values of the p-adic L-function Cp. 
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Proposition 8.2. Let ap{w*) G t/^ p be any lift of ap{w*). We have 

Hp*) J V ^(p) 



= ( 1 - -7^1 ■(^-^^]■^p■ UOBiw)). (8.1) 



and 



C'0n = -V ■ N(f)-i ■ [l - ^] . Jim I ^ ^*-i(r) logp(^;M:) [ • (8-2) 

Proof. The equality (18. ip follows directly from fl7.3p and fl7.4p . To prove fl8.2p . we first 
observe that, since there is no 'i9*-torsion in [/^p (see [5l Chapter III, Proposition 1.3]), 
there exists a unique (3 = G t/^ p ®z Q such that 

Applying Theorem 17. 1( a). we see that 

-rN(f)-i6*(/3) = 6*(0B(N(f)- V) 

= Aki,- 

It therefore follows from Lemma 18.11 and Theorem 17.1( c) that 

= -p-N(f)-^-(l-^)-Jim I r-\r)\ogp{f3:)\ . (8.3) 

Now suppose that ap{w*) G f/^ p is any lift of ap{w*). It follows from Proposition 17. 21 that 
we have 

ap{w*r =OBiw*)=P''* (8.4) 

in 8*^/1*8*^. For each integer n > 1, let t?* denote the projection of i} to Zp[Gal{cK*/ K)]. 
It is shown in [131 Lemma 6.3] that 

K E V'-'Wr = -(p-l)p" (modp"TZp[Gal(/C:/ir)]). 

reGal{/C„/X) 

We therefore deduce from (18.40 that, for each n > 1, we have (writing Galois action addi- 
tively) 

E r-\r)rU„,^rl Yl ^*"'(r)r)^;M (modp^r^:). 

VrgGaH/C^/if) / VreGal(/C*/i^) / 
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Since S*^ has no '!9*-torsion (see [131 Chapter III, Proposition 1.3]), we can divide both sides 
of this last relation by and then take p-adic logarithms and let n — t- oo to deduce that 

hm i r-\r)\og^{f3:) i = hm J J] ^^-^(r) log/^^Ml) \ ■ (8-5) 

(^rGGal(/C*/ii-) J |^TGGal(K;*/i<') ) 

The desired equality (18. 2 p now follows from (18. 3p and (18. 5p . □ 
Theorem 8.3. We have 



Hence, if Cpijp) ^ 0, then Sp* is of infinite order. 

Proof. This follows from Propositions I5.10[ 16.21 and 18.21 □ 
We can now prove the first part of Theorem \K\ 

Theorem 8.4. Suppose that Cp{'ijj) ^ 0. 

(a) We have ^ 0. 

(b) The height pairing [, ]k,p is non- degenerate, and we have 

[.p,vkr = b-l)-/>-^-N(fr-(l-^) '-(l-^) ' -CpW-C'pir)- 

Proof, (a) Suppose that Cpi^ip*) = 0, and set t = ords=i C*{s), so t > 2. Then it follows from 
dZS]) that 

C^X**(f/;.,,®Q). 

Hence we have that ap*{w*) G X**^*""'^)(f/^ p Q) ■ S*^, and this in turn implies that Sp* = 0. 
This contradicts Theorem 18.31 because by hypothesis Cp{ip) ^ 0. It therefore follows that 
Cp{ip*) 7^ 0, as claimed. 

(b) The equality follows directly from Theorem 15.11( b). Proposition 18. 2[ and Theorem 
18.31 As [sp,Sp*]K,p* 7^ 0, we deduce that [, ]k,p* is non-degenerate because J2p{K,T) and 
Ep* {K, T*) are both free, rank one Zp-modules (see [H Lemma 3.6 and Proposition 6.7]). □ 

The second part of Theorem |X] is a direct consequence of the following result. 

Theorem 8.5. (cf. [121 Theorem 10.1]; 
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Suppose that Cplip) 7^ 0, and that y G T,p{K,T) and y* G Tip*{K,T*) are both non-zero. 
Then 

exp;(,-) ■ exp- (,) . frM^A.ftm.A 

[y,y*W J F K}J y p J \ P J 

(1 - r-\p)) ■ (1 - ^-Hp*)) • • ■ ^pir) ■ 

Proof. Since Cp{ip) 7^ 0, it follows that 

Hom(Ep(ir,T) Sp*(i^,T*),Zp) 

is a free Zp-module of rank one (see [H Lemma 3.6 and Proposition 6.7]), and that both 
exp*. ( ) ■ exp*( ) and [, ]k,p* are non-zero elements of this module. Hence, since Sp and Sp* 
are of infinite order, we have that 

exp;,{y) -expliy*) _ exp^, (sp) ■ exp;(sp*) 



[y,y*]K,v* [sp,Sp*]K,p 
Applying Theorems 18.31 and 18.41 we see that 

exp;.(sp) ■exp;(v) _ , /V^*(p) ^\ /^(p 



[Sp, Sp'li^.p* 



(P-l)-'-P-N(f).(^^-l).(^-l) 



(1 - ^*-i(p)) ■ (1 - ^-hp*)) ■ ■ ■ ■ 

The desired result now follows from the fact that >Cp (■?/') = £p. (■?/'*) (cf. Remark [1.2p . □ 
This completes the proof of Theorem |Al 
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